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We continue our study of the conjugate invariant method for completing an arbitrary T0-
quasi-metric space which we have introduced in an earlier article under the name of the
B-completion. We present examples that show that B-completeness of quasi-pseudometric
spaces is not preserved under quasi-uniform isomorphisms. This leads to investigations of
how some well-known operations applied to quasi-pseudometrics affect balancedness of
their Cauchy ﬁlter pairs. We also observe that the B-completion of a totally bounded T0-
quasi-metric space is totally bounded, but can be strictly larger than the bicompletion.
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1. Introduction
In [15] we presented a conjugate invariant method for completing any T0-quasi-metric space. Our so-called B-completion
was built as an extension of the bicompletion of the original space. For balanced T0-quasi-metric spaces the completion
yielded up to isometry the completion due to Doitchinov. The question of which uniformly continuous maps between T0-
quasi-metric spaces could be extended to the constructed B-completions led us to introduce and investigate a new class of
maps, which we called balanced maps. In this article we continue our investigations on the B-completion of a T0-quasi-
metric space. After summarizing and somewhat illustrating the results from [15], we point out that B-completeness of
quasi-pseudometric spaces is not preserved under quasi-uniform isomorphisms. This leads to investigations of how some
standard operations applied to quasi-pseudometrics affect the balancedness of their Cauchy ﬁlter pairs. In particular the
behaviour of B-completeness under one of the usual product constructions of countably many quasi-pseudometric spaces is
investigated in detail. We also observe that the B-completion of a totally bounded T0-quasi-metric space is totally bounded.
Furthermore we note that even for totally bounded T0-quasi-metric spaces the B-completion can be strictly larger than the
bicompletion. Several results due to Deák in [1–4] motivated our present investigations. For the basic facts about quasi-
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H.-P.A. Künzi, C.M. Kivuvu / Topology and its Applications 156 (2009) 2070–2081 2071pseudometrics and quasi-uniformities we refer the reader to [11,14]. The concept of a balanced quasi-metric in Doitchinov’s
sense is also discussed in the recent articles [12,18].
2. Preliminaries
In this introductory section we mainly summarize the theory of the B-completion of a T0-quasi-metric space as it
was developed in [15]. However we also use the opportunity to present some new examples and results (see for instance
Examples 2–5, or Proposition 3). Furthermore we show in Lemma 3 that an idea due to Deák can be used to give a more
explicit description of the elements of the B-completion of a T0-quasi-metric space than the implicit one which was used
in [15, Lemma 5].
We ﬁrst recall various deﬁnitions and general facts from the area of quasi-pseudometric spaces. Let X be a set and let
d : X × X → [0,∞[ be a function mapping into the set [0,∞[ of the non-negative reals. Then d is called a quasi-pseudometric
on X if (a) d(x, x) = 0 whenever x ∈ X, and (b) d(x, z) d(x, y) + d(y, z) whenever x, y, z ∈ X . We say that d is a T0-quasi-
metric if d also satisﬁes the following condition: For each x, y ∈ X , d(x, y) = 0 = d(y, x) implies that x = y. Let d be a
quasi-pseudometric on a set X . Then d−1 : X × X → [0,∞[ deﬁned by d−1(x, y) = d(y, x) whenever x, y ∈ X is also a quasi-
pseudometric, called the conjugate quasi-pseudometric of d. As usual, a quasi-pseudometric d on X such that d = d−1 is called
a pseudometric. For any quasi-pseudometric d, ds = max{d,d−1} is a pseudometric. Let (X,d) be a quasi-pseudometric space.
For each  > 0 set U = {(x, y) ∈ X × X: d(x, y) < }. (Instead of U we shall also write Ud, in cases where the quasi-
pseudometric d may not be obvious from the context.) In the following Ud denotes the quasi-uniformity on X generated
by the base {Ud, :  > 0} on X × X . It is called the quasi-uniformity induced by d on X . The topology τ (Ud) is called the
topology induced by d on X and is often denoted by τ (d). For each x ∈ X, Ud(x) denotes the τ (Ud)-neighbourhood ﬁlter
at x. A map f : (X,d) → (Y , e) between two quasi-pseudometric spaces (X,d) and (Y , e) is called an isometry provided
that e( f (x), f (y)) = d(x, y) whenever x, y ∈ X . Two quasi-pseudometric spaces (X,d) and (Y , e) will be called isometric
provided that there exists a bijective isometry f : (X,d) → (Y , e). As usual, a map f : (X,d) → (Y , e) between two quasi-
pseudometric spaces (X,d) and (Y , e) will be called uniformly continuous provided that for each  > 0 there is δ > 0 such
that for all x, y ∈ X , d(x, y) < δ implies that e( f (x), f (y)) < . Let (X,d) be a quasi-pseudometric space and let A, B be
nonempty subsets of X . We deﬁne the 2-diameter from A to B by Φd(A, B) = sup{d(a,b): a ∈ A,b ∈ B}. Of course ∞ is
a possible value of a 2-diameter. For singleton {x} we write Φd(x, A) and Φd(B, x) instead of Φd({x}, A) and Φd(B, {x}),
respectively. Let X be a set. For each x ∈ X, by x we shall denote the ﬁlter on X generated by the ﬁlter base {{x}} on X .
We shall say that a pair 〈F ,G〉 of ﬁlters F and G on a quasi-pseudometric space (X,d) is a Cauchy ﬁlter pair on (X,d) if
infF∈F ,G∈G Φd(F ,G) = 0.
Let (X,d) be a quasi-pseudometric space and let 〈F ,G〉 and 〈F ′,G′〉 be two Cauchy ﬁlter pairs on X . Then the following
formula (see [15, Deﬁnition 3]) deﬁnes the distance
d+
(〈F ,G〉, 〈F ′,G′〉) := inf
F∈F ,G ′∈G′
Φd(F ,G
′) = inf
F∈F ,G ′∈G′
sup
f ∈F ,g′∈G ′
d( f , g′)
from 〈F ,G〉 to 〈F ′,G′〉. According to [15, Lemma 2] the distance d+ only attains values in [0,∞[. Of course, for any Cauchy
ﬁlter pair 〈F ,G〉 on a quasi-pseudometric space (X,d) we have d+(〈F ,G〉, 〈F ,G〉) = 0. The following deﬁnition is crucial
for our work.
Deﬁnition 1.
(a) ([15, Deﬁnition 4]) Let (X,d) be a quasi-pseudometric space. A Cauchy ﬁlter pair 〈F ,G〉 on (X,d) is said to be balanced
on (X,d) if for each x, y ∈ X we have d(x, y) infG∈G Φd(x,G) + infF∈F Φd(F , y).
(b) (Compare [15, Remark 6].) Let 〈F ,G〉 and 〈F ′,G′〉 be two ﬁlter pairs on a set X . Then 〈F ,G〉 is called coarser than
〈F ′,G′〉 (equivalently, 〈F ′,G′〉 is ﬁner than 〈F ,G〉) provided that both F ⊆ F ′ and G ⊆ G′.
Example 1. ([15, Example 2]) Let (X,d) be a quasi-pseudometric space. Then for each x ∈ X, αX (x) := 〈x, x〉 as well as
〈U−1d (x),Ud(x)〉 are balanced Cauchy ﬁlter pairs on (X,d). In fact, for each x ∈ X, 〈U−1d (x),Ud(x)〉 is a minimal (balanced)
Cauchy ﬁlter pair on (X,d) (see [15, Example 3]).
Observe that d+ is deﬁned as a limit superior. The corresponding limit inferior may be distinct. Indeed the following
example shows that we cannot change the order of the operations inf and sup in the deﬁnition of d+ without possibly
changing the value of d+ , even for balanced Cauchy ﬁlter pairs.
Example 2. Let X = {an,bn, xn, yn: n ∈ N} ∪ {0−,0+} consist of four sequences (an)n∈N, (bn)n∈N ,(xn)n∈N and (yn)n∈N (such
that all these terms are distinct) and two additional special points 0−,0+. We deﬁne a T0-quasi-metric d on X as follows:
For each x ∈ X set d(x, x) = 0. Furthermore for each n,k ∈ N set d(an, xk) = d(an, yk) = d(bn, xk) = d(bn, yk) = 12n + 12k .
Moreover for each n ∈ N set d(bn,0−) = d(0+, yn) = 12n . Finally set d(x, y) = 1 otherwise. Note that d  1. Since it is
impossible that x, y, z ∈ X, x = y, y = z, d(x, y) < 1 and d(y, z) < 1, we deduce that d satisﬁes the triangle inequality. For
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base {Fn: n ∈ N} and let G be the ﬁlter on X generated by the base {Gn: n ∈ N}. Evidently 〈F ,G〉 is a Cauchy ﬁlter pair
on (X,d). Let us show that 〈F ,G〉 is balanced on (X,d). Suppose that x, y ∈ X and n,k ∈ N such that Φd(x,Gn) < 1 and
Φd(Fk, y) < 1. Then there is s ∈ N such that x = as or x = bs, and there is t ∈ N such that y = xt or y = yt . We conclude that
d(x, y) = 12s + 12t = infr∈NΦd(x,Gr) + infp∈NΦd(F p, y). It follows that 〈F ,G〉 is balanced. We note that d(0+,0−) = 1, but
supn∈N d(0+,Gn) + supn∈N d(Fn,0−) = 0, where as usual in a quasi-pseudometric space (X,d), for nonempty A, B ⊆ X we
make use of the convention that d(A, B) := infa∈A,b∈B d(a,b). This shows that we cannot change the order of the operations
inf and sup in the deﬁnition of balancedness without changing the concept. Similarly, we observe that for the balanced
Cauchy ﬁlter pairs αX (0+) and 〈F ,G〉 the value d+(αX (0+), 〈F ,G〉) = infn∈NΦd(0+,Gn) = infn∈N supg∈Gn d(0+, g) = 1 is
strictly larger than supn∈N infg∈Gn d(0+, g) = 0. Furthermore for each n ∈ N let G ′n = {yk: k ∈ N,k  n}. Moreover let G′ be
the ﬁlter on X generated by the base {G ′n: n ∈ N}. Then 〈F ,G′〉 is a Cauchy ﬁlter pair on (X,d) ﬁner than 〈F ,G〉, which
is not balanced, since 1 = d(0+, x1)  infG ′∈G′ Φd(0+,G ′) + infF∈F Φd(F , x1) = 0+ 12 . In particular d+(αX (0+), 〈F ,G′〉) = 0.
Hence reﬁning a Cauchy ﬁlter pair may destroy the property of balancedness.
We shall now explain the construction of the B-completion of a T0-quasi-metric space (X,d) and its relation to the
better known bicompletion of (X,d).
Proposition 1. ([15, Theorem 1]) Let (X,d) be a quasi-pseudometric space and let X+ be the set of all balanced Cauchy ﬁlter pairs on
(X,d). Then (X+,d+) is a quasi-pseudometric space, where for convenience in the following d+ will also denote the restriction of d+
to X+ × X+. Furthermore αX : (X,d) → (X+,d+) is an isometric embedding [15, Remark 11] if (X,d) is a T0-quasi-metric space.
Let (X,d) be a quasi-pseudometric space. An arbitrary Cauchy ﬁlter pair 〈F ,G〉 on X is said to converge to x ∈ X
[15, Deﬁnition 6] provided that infG∈G Φd(x,G) = 0 and infF∈F Φd(F , x) = 0. A quasi-pseudometric space (X,d) is called
B-complete provided that each balanced Cauchy ﬁlter pair 〈F ,G〉 converges in X . In a T0-quasi-metric space (X,d) the limit
of a balanced Cauchy ﬁlter pair is unique if it exists (see [15, Proposition 1]). Moreover for any quasi-pseudometric space
(X,d), the space (X,d−1) is B-complete if and only if (X,d) is B-complete (compare [15, Remark 8]). We recall that a quasi-
pseudometric space (X,d) is called bicomplete provided that each ds-Cauchy ﬁlter on X converges in (X,ds). Furthermore a
ﬁlter pair 〈F ,G〉 on a set X is said to be linked (see e.g. [3]) provided that F ∩ G = ∅ whenever F ∈ F and G ∈ G. Note that
the next lemma implies that each quasi-pseudometric space (X,d) that is B-complete is bicomplete [15, Proposition 2].
Lemma 1.
(a) Each linked Cauchy ﬁlter pair 〈F ,G〉 on a quasi-pseudometric space (X,d) is balanced.
(b) ([15, Lemma 3]) Let F be a ds-Cauchy ﬁlter on a quasi-pseudometric space (X,d). Then 〈F ,F〉 is a balanced Cauchy ﬁlter pair
on (X,d).
Proof. Assertion (a) for instance follows from a slight modiﬁcation of the proof of [15, Lemma 3] by replacing 〈F ,F〉 by
〈F ,G〉. Statement (b) is an immediate consequence of statement (a). 
Proposition 2. Given two Cauchy ﬁlter pairs 〈F ,G〉 and 〈F ′,G′〉 on a quasi-pseudometric space (X,d) we have that
infG ′∈G′ Φd+ (〈F ,G〉,αX (G ′)) d+(〈F ,G〉, 〈F ′,G′〉) with equality if 〈F ,G〉 is balanced; similarly we have that infF∈F Φd+ (αX (F ),
〈F ′,G′〉) d+(〈F ,G〉, 〈F ′,G′〉) with equality if 〈F ′,G′〉 is balanced.
Proof. The statements follow from Lemmas 9, 10 and 11 of [15]. 
The last stated result indeed means that for balanced Cauchy ﬁlter pairs we can compute d+ as a limit superior compo-
nentwise in either order:
Corollary 1. ([15, Corollary 8]) Let 〈F ,G〉 and 〈F ′,G′〉 be two balanced Cauchy ﬁlter pairs on a quasi-pseudometric space (X,d). Then
d+(〈F ,G〉, 〈F ′,G′〉) = infG ′∈G′ supg′∈G ′ infF∈F sup f ∈F d( f , g′) = infF∈F sup f ∈F infG ′∈G′ supg′∈G ′ d( f , g′).
We next introduce a helpful terminology for sequences. Of course the underlying construction was already employed
in Example 2. Let (xn)n∈N and (yn)n∈N be two sequences in a set X . Let F(xn) be the ﬁlter generated by the ﬁlter base
{{xk: k  n,k ∈ N}: n ∈ N} and let F(yn) be the ﬁlter generated by the ﬁlter base {{yk: k  n,k ∈ N}: n ∈ N} on X . Then
we shall say that 〈F(xn)n∈N,F(yn)n∈N〉 is the ﬁlter pair generated by the pair 〈(xn)n∈N, (yn)n∈N〉 of sequences in X. Let (X,d)
be a quasi-pseudometric space. A pair of sequences 〈(xn)n∈N, (yn)n∈N〉 in (X,d) will be called a (balanced) Cauchy pair of
sequences provided that the ﬁlter pair 〈F(xn)n∈N,F(yn)n∈N〉 generated by 〈(xn)n∈N, (yn)n∈N〉 is a (balanced) Cauchy ﬁlter
pair on (X,d). Our next example shows that equality need not hold in Proposition 2 for arbitrary Cauchy ﬁlter pairs.
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quasi-metric d on X as follows: For each x ∈ X, set d(x, x) = 0. For each m ∈ N set d(0+, 1m ) = 1m . For each p,m ∈ N
such that p = m, let d(− 1m , 1p ) = 1p . Furthermore set d(− 1m ,0−) = 1m whenever m ∈ N. Finally set d(x, y) = 1 other-
wise. One readily checks that indeed d is a T0-quasi-metric on X . Also note that 〈0+, ( 1p )p∈N〉 and 〈(− 1m )m∈N,0−〉 are
Cauchy pairs of sequences, where here 0+ resp. 0− denote constant sequences. Furthermore, in self-explanatory nota-
tion that suppresses the operation F , we get that d+(〈(− 1m )m∈N,0−〉, 〈0+, ( 1p )p∈N〉) = infs,t∈NΦd({− 1m : m ∈ N,m  s},
{ 1p : p ∈ N, p  t}) = 1, since d(− 1m , 1m ) = 1 whenever m ∈ N. Moreover inft∈NΦd+ (〈(− 1m )m∈N,0−〉,αX ({ 1p : p ∈ N, p  t})) =
inft∈N supp∈N,pt d+(〈(− 1m )m∈N,0−〉,αX ( 1p )) = inft∈N supp∈N,pt 1p = 0. In fact 〈(− 1m )m∈N,0−〉 is not balanced, since, for in-
stance, we have that 1 = d(− 14 , 14 )  Φd(− 14 ,0−) + infs∈NΦd({− 1m : m ∈ N,m s}, 14 ) = 14 + 14 .
Lemma 2. If 〈F ,G〉 and 〈F ′,G′〉 are Cauchy ﬁlter pairs on a quasi-pseudometric space (X,d) and d+(〈F ,G〉, 〈F ′,G′〉) = 0 =
d+(〈F ′,G′〉, 〈F ,G〉), then 〈F ∩ F ′,G ∩ G′〉 is a Cauchy ﬁlter pair.
Proof. Since 〈F ,G〉, 〈F ′,G′〉, 〈F ′,G〉 and 〈F ,G′〉 are Cauchy ﬁlter pairs on (X,d), we deduce that 〈F ∩ F ′,G ∩ G′〉 is a
Cauchy ﬁlter pair on (X,d). 
In [15, lines after Remark 11] it is stated that we obtain an equivalence relation ∼= on the set of all balanced Cauchy
ﬁlter pairs if we deﬁne two balanced Cauchy ﬁlter pairs 〈F ,G〉 and 〈F ′,G′〉 on a quasi-pseudometric space (X,d) to be Ud-
equivalent provided that d+(〈F ,G〉, 〈F ′,G′〉) = 0 and d+(〈F ′,G′〉, 〈F ,G〉) = 0. (Note that our terminology, which is slightly
different from the one used in [15], stresses that this concept depends on the quasi-uniformity Ud.) Observe also that this is
exactly the equivalence relation associated with the T0-reﬂection of (X+,d+) (see e.g. [15]). Since balancedness is preserved
by coarsening a ﬁlter pair and comparable balanced Cauchy ﬁlter pairs on a quasi-pseudometric space (X,d) are Ud-equi-
valent, we can conclude from Lemma 2 that each Ud-equivalence class of a balanced Cauchy ﬁlter pair 〈F ,G〉 on (X,d) that
contains a minimal Cauchy ﬁlter pair, possesses a smallest element. Indeed it follows from the next lemma that each such
class contains a coarsest element, which is a minimal Cauchy ﬁlter pair (compare [15, Lemma 5]). The following explicit
construction of that ﬁlter pair is related to a quasi-uniform result due to Deák [4, p. 412].
Lemma 3. Let (X,d) be a quasi-pseudometric space and let 〈F ,G〉 be a balanced Cauchy ﬁlter pair on (X,d). For each n ∈ N set
Fn = {x ∈ X: U2−n (x) ∈ G} and Gn = {x ∈ X: U−12−n (x) ∈ F}. Let Fm1 be the ﬁlter on X generated by the base {Fn: n ∈ N} and let Gm2
be the ﬁlter on X generated by the base {Gn: n ∈ N}. Then 〈Fm1 ,Gm2 〉 is the (unique minimal and) coarsest (balanced) Cauchy ﬁlter
pair coarser than 〈F ,G〉. It is the coarsest element of the Ud-equivalence class of 〈F ,G〉.
Proof. Fix n ∈ N. Then Fn × Gn ⊆ U2−(n−2) , because U2−n (x) ∈ G and U−12−n (y) ∈ F imply that Φd(x,U2−n (x))  2−n and
Φd(U
−1
2−n (y), y)  2
−n, and hence (x, y) ∈ U2−(n−2) by balancedness of 〈F ,G〉. Thus 〈Fm1 ,Gm2 〉 is a Cauchy ﬁlter pair on
(X,d). Suppose that 〈F ′,G′〉 is any Cauchy ﬁlter pair on (X,d) such that 〈F ′,G′〉 is coarser than 〈F ,G〉. Let n ∈ N. There
are F ′ ∈ F ′ and G ′ ∈ G′ such that F ′ × G ′ ⊆ U2−n . By deﬁnition of Gn we see that G ′ ⊆ Gn, since y ∈ G ′ implies that
U−12−n (y) ∈ F ′ ⊆ F . Similarly we obtain F ′ ⊆ Fn. Consequently Gn ∈ G′ and Fn ∈ F ′ and thus 〈Fm1 ,Gm2 〉 is coarser than〈F ′,G′〉. It follows that 〈Fm1 ,Gm2 〉 is coarser than 〈F ,G〉 and it is the (unique minimal and) coarsest Cauchy ﬁlter pair
coarser than 〈F ,G〉. In particular 〈Fm1 ,Gm2 〉 is balanced, since 〈F ,G〉 is balanced. By Lemma 2 it is obvious that it is the
coarsest element of the equivalence class of 〈F ,G〉, because if 〈F ′′,G′′〉 is a Cauchy ﬁlter pair on X that is Ud-equivalent to
〈F ,G〉, then 〈Fm1 ,Gm2 〉 must be coarser than the Cauchy ﬁlter pair 〈F ∩ F ′′,G ∩ G′′〉. 
Remark 1. (a) As noted in [15, p. 257], two balanced Cauchy ﬁlter pairs of the form 〈F ,G1〉 and 〈F ,G2〉 on a quasi-
pseudometric space (X,d) are Ud-equivalent. Hence our notation Fm1 does not lead to confusion.
(b) (Compare e.g. [1, Lemma 12.4].) Let F be a ds-Cauchy ﬁlter on a quasi-pseudometric space (X,d) (that is, let 〈F ,F〉
be a Cauchy ﬁlter pair on (X,d)). Then Fm1 is the ﬁlter U−1d (F) having the base {U−1(F ): U ∈ Ud, F ∈ F} and Fm2 is the
ﬁlter Ud(F) having the base {U (F ): U ∈ Ud, F ∈ F}: Indeed the Cauchy ﬁlter pair 〈U−1d (F),Ud(F)〉 is ﬁner than 〈Fm1 ,Fm2 〉
by Lemma 3. Let F ′ ∈ F and n ∈ N. Furthermore let U2−n (x) ∈ F for some x ∈ X . Thus x ∈ U−12−n (F ′). It follows that {x ∈
X: U2−n (x) ∈ F} ⊆ U−12−n (F ′). Therefore U−1d (F) ⊆ Fm1 . We conclude that Fm1 = U−1d (F) and similarly Fm2 = Ud(F).
The so-called envelope construction described in Remark 1 (compare [15, Example 3]) in general does not produce a
minimal Cauchy ﬁlter pair if applied to an arbitrary balanced Cauchy ﬁlter pair, as for instance the following example
mentioned by Deák shows [1, Example 7.9(b)]: Equip the set R of the reals with the Sorgenfrey T0-quasi-metric s(x, y) =
y − x if y  x and s(x, y) = 1 otherwise. Let F be the ﬁlter on R generated by {]−,0[:  > 0} and let G be the ﬁlter
on R generated by {]0, [:  > 0}. Then 〈F ,G〉 is a balanced Cauchy ﬁlter pair, since (R, s) is balanced [7, p. 134], but
〈Fm1 ,Gm2 〉 = 〈U−1s (0),Us(0)〉 is strictly coarser than 〈U−1s (F),Us(G)〉 = 〈F ,G〉.
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which are minimal Cauchy ﬁlter pairs. Deﬁne d˜ : X˜ × X˜ → [0,∞[ as the restriction of d+ to X˜ × X˜ (see the formula in front of
Deﬁnition 1). Then ( X˜, d˜) is a B-complete T0-quasi-metric space.
In [15] the T0-quasi-metric space ( X˜, d˜) deﬁned as above was called the (standard) B-completion of (X,d). For each x ∈ X
we set βX (x) = 〈U−1d (x),Ud(x)〉. Then βX : (X,d) → ( X˜, d˜) is an (isometric) embedding (see [15, Corollary 1]). In particular it
follows from [15, Corollary 7] (compare Proposition 2) that if 〈F ,G〉 is a balanced Cauchy ﬁlter pair on (X,d), then the ﬁlter
pair 〈βXF , βXG〉 converges in ( X˜, d˜) to the point 〈Fm1 ,Gm2 〉. As explained in detail in [15], ( X˜, d˜) can be identiﬁed with
the T0-reﬂection of (X+,d+). It is also known that the subspace of ( X˜, d˜) consisting of all those minimal Cauchy ﬁlter pairs
〈Fm1 ,Fm2 〉 where F is a ds-Cauchy ﬁlter on X (see Remark 1) yields the bicompletion of (X,d) (compare [1, pp. 87–89]
and [15, Corollary 5]; see also Section 5).
A uniformly continuous map f : (X,d) → (Y , e) between quasi-pseudometric spaces (X,d) and (Y , e) is called balanced
[15, Deﬁnition 8] provided that for each balanced Cauchy ﬁlter pair 〈F ,G〉 on (X,d), the Cauchy ﬁlter pair 〈 f F , f G〉 is
balanced on (Y , e). (Note that 〈 f F , f G〉 is a Cauchy ﬁlter pair on (Y , e), because f is uniformly continuous.) The next
two results were established in [15, Corollary 10 and Theorem 3]. Let (X,d) be a T0-quasi-metric space. Then the map
βX : (X,d) → ( X˜, d˜) is balanced. If f : (X,d) → (Y , e) is a balanced map between T0-quasi-metric spaces (X,d) and (Y , e),
then there is a unique balanced map f˜ : ( X˜, d˜) → (Y˜ , e˜) such that f˜ ◦ βX = βY ◦ f . If f is also an isometry, then f˜ is an
isometry. The following result then characterizes the B-completion of a T0-quasi-metric space.
Theorem 2. ([15, Theorem 4]) Let (X,d) be a subspace of the B-complete T0-quasi-metric space (Y , e). Suppose that the inclusionmap
i : (X,d) → (Y , e) is balanced and that for each y ∈ Y there is a balanced Cauchy ﬁlter pair 〈F ,G〉 on (X,d) such that the Cauchy ﬁlter
pair 〈i(F), i(G)〉 converges to y. Then the B-completion ( X˜, d˜) of (X,d) is isometric to (Y , e) under the isometric bijective balanced
extension i˜ of i to X˜ .
We next give an application of Theorem 2, which further illustrates some of the introduced concepts.
Proposition 3. Let (X,d) be a T0-quasi-metric space and let A be a subset of X˜ such that X ⊆ A ⊆ X˜ . Then the extension j˜ of the
balanced isometric embedding j : (A, d˜|A) → ( X˜, d˜) to A˜ yields a bijective balanced isometry between ( A˜, d˜|A) and ( X˜, d˜). (Here d˜|A
denotes the restriction of d˜ to A × A.)
Proof. As the statement of the proposition indicates, we shall consider X and A as subspaces of ( X˜, d˜). We ﬁrst want
to show that the inclusion map j : (A, d˜|A) → ( X˜, d˜) is balanced. To this end consider a balanced Cauchy ﬁlter pair
〈F ,G〉 on (A, d˜|A). In particular we have that d(x, y)  infG∈G Φd˜|A(x,G) + infF∈F Φd˜|A(F , y) whenever x, y ∈ X . Con-
sider arbitrary 〈F ′,G′〉, 〈F ′′,G′′〉 ∈ X˜ . Let F ′ ∈ F ′ and G ′′ ∈ G′′. Furthermore let f ′ ∈ F ′ and g′′ ∈ G ′′. Then d( f ′, g′′) 
Φd˜|A(F ′,G) + Φd˜|A(F ,G ′′) whenever G ∈ G and F ∈ F . Hence Φd(F ′,G ′′)  Φd˜|A(F ′,G) + Φd˜|A(F ,G ′′) whenever G ∈ G
and F ∈ F . Then infF ′∈F ′,G ′′∈G′′ Φd(F ′,G ′′) infG∈G infF ′∈F ′ Φd˜|A(F ′,G)+ infF∈F infG ′′∈G′′ Φd˜|A(F ,G ′′). The Cauchy ﬁlter pair
generated by 〈F ′,G′〉 (resp. 〈F ′′,G′′〉) on X˜ is balanced, since the map βX : (X,d) → ( X˜, d˜) is balanced. We next use
that obviously the restrictions 〈F ′A,G′A〉 (resp. 〈F ′′A,G′′A〉) of those ﬁlter pairs to A are balanced Cauchy ﬁlter pairs on A.
Therefore by employing the inequality just established, we get that d˜(〈F ′,G′〉, 〈F ′′,G′′〉)  infG∈G infF ′∈F ′ Φd˜|A(F ′,G) +
infF∈F infG ′′∈G′′ Φd˜|A(F ,G ′′) = infG∈G Φ(˜d|A)+ (〈F ′A,G′A〉,αA(G)) + infF∈F Φ(˜d|A)+ (αA(F ), 〈F ′′A,G′′A〉) = infG∈G supg∈G infF ′∈F ′
sup f ′∈F ′ (˜d|A)( f ′, g) + infF∈F sup f ∈F infG ′′∈G′′ supg′′∈G ′′ (˜d|A)( f , g′′) = infG∈G Φd˜(〈F ′,G′〉, j(G)) + infF∈F Φd˜( j(F ), 〈F ′′,G′′〉),
where in these computations we have also used that by Proposition 2 infG∈G infF ′∈F ′ Φd˜|A(F ′,G)= (˜d|A)+(〈F ′A,G′A〉, 〈F ,G〉)=
infG∈G Φ(˜d|A)+ (〈F ′A,G′A〉,αA(G)) and infF∈F infG ′′∈G′′ Φd˜|A(F ,G ′′)= (˜d|A)+(〈F ,G〉,〈F ′′A,G′′A〉)=infF∈F Φ(˜d|A)+ (αA(F ),〈F ′′A,G′′A〉).
Hence we have shown that 〈 j(F), j(G)〉 is balanced on ( X˜, d˜) and so the map j : (A, d˜|A) → ( X˜, d˜) is balanced. Let y ∈ X˜ .
Similarly, as above we argue that according to the density condition of X in X˜ mentioned in Theorem 2 there is a balanced
Cauchy ﬁlter pair 〈H,K〉 on (X,d) such that the balanced Cauchy ﬁlter pair 〈βXH, βXK〉 converges to y in ( X˜, d˜). This im-
plies that the restriction 〈HA,KA〉 of 〈βXH, βXK〉 to A is a balanced Cauchy ﬁlter pair on (A, d˜|A) such that 〈 j(HA), j(KA)〉
converges to y in ( X˜, d˜). The statement now follows from Theorem 2. 
Corollary 2. The B-completion of the bicompletion of a T0-quasi-metric space (X,d) can be identiﬁed with the B-completion of (X,d).
According to Doitchinov [7] a quasi-pseudometric space (X,d) is called balanced provided that whenever (x′n)n∈N and
(x′′m)m∈N are two sequences in (X,d) and x′, x′′ ∈ X, then from d(x′, x′n)  r′ for each n ∈ N, d(x′′m, x′′)  r′′ for each m ∈ N
and limm,n→∞ d(x′′m, x′n) = 0, it follows that d(x′, x′′) r′ +r′′. Quasi-pseudometrics satisfying the latter condition will also be
called balanced. Of course, each pseudometric d is a balanced quasi-pseudometric. In [7] Doitchinov developed a completion
theory for balanced T0-quasi-metric spaces. Indeed we showed in [15] that for balanced T0-quasi-metric spaces our theory
of the B-completion yields his completion, which is now often called the (quasi-metric) Doitchinov completion.
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(a) (X,d) is balanced.
(b) Every Cauchy pair of sequences in (X,d) is balanced.
(c) Every Cauchy ﬁlter pair on (X,d) is balanced.
Although balanced quasi-pseudometrics are known to satisfy an interesting condition of separate continuity (see e.g.
[15, Remark 7]), our next example (compare Example 2) shows that even in a balanced T0-quasi-metric space (balanced)
Cauchy ﬁlter pairs 〈F ,G〉 and 〈F ′,G′〉 may exist such that supF∈F ,G ′∈G′ d(F ,G ′) < d+(〈F ,G〉, 〈F ′,G′〉). Hence in such a
space the limit superior d+(〈F ,G〉, 〈F ′,G′〉) need not be a limit as stated in [7, Proposition 9] (compare also [7, Lemma 4]),
since the corresponding limit may not exist.
Example 4. Let X = {− 1n , 1n : n ∈ N}∪ {0−,0+}. Set d(x, x) = 0 whenever x ∈ X . For each n ∈ N let d(− 1n ,0−) = 1n , d(0+, 1n ) =
1
n and d(− 1n , 1n ) = 1. Furthermore set d(x, y) = 2 otherwise. One readily veriﬁes that d is a T0-quasi-metric on X . We next
want to show that d is balanced. Let 〈F ,G〉 be a Cauchy ﬁlter pair on (X,d). There are F ∈ F and G ∈ G such that
Φd(F ,G) < 1. Considering the cases that F or G can be chosen as a singleton or not, we see that only three cases are
possible: (1) 〈F ,G〉 = 〈x, x〉 for some x ∈ X, (2) 〈F ,G〉 = 〈0+,G) or (3) 〈F ,G〉 = 〈F ,0−〉, where F and G are appropriate
ﬁlters on X which are not of the form y for some y ∈ X . It therefore remains to be checked that ﬁlter pairs of the second
and third kind are balanced. So let us consider a Cauchy ﬁlter pair of the form 〈F ,0−〉 where F is an appropriate ﬁlter on X
which is not of the form y with y ∈ X . Let a,b ∈ X . If b = 0−, then d(a,b) = d+(αX (a), 〈F ,0−〉). If b = 0−, then obviously
infF∈F Φd(F ,b) = 2, since 〈F ,0−〉 is a Cauchy ﬁlter pair. Hence in either case we have that d(a,b) d+(αX (a), 〈F ,0−〉) +
d+(〈F ,0−〉,αX (b)). So 〈F ,0−〉 is a balanced Cauchy ﬁlter pair on (X,d). Analogously it can be shown that all Cauchy ﬁlter
pairs of the second kind are balanced. We conclude that d is indeed a balanced T0-quasi-metric. One ﬁnally computes that
d+(〈(− 1n )n∈N,0−〉, 〈0+, ( 1p )p∈N〉) = 2, but supk,∈N d({− 1n : n ∈ N,n k}, { 1p : p ∈ N, p  }) = 1.
Remark 2. ([15, Remark 12]) Let (X,d) be a balanced quasi-pseudometric space and let 〈F ,G〉 be a Cauchy ﬁlter pair on
(X,d). Then 〈F ,G〉 is Ud-equivalent to a Cauchy ﬁlter pair generated by a balanced Cauchy pair of sequences. (Indeed the
B-completion of a balanced T0-quasi-metric space was built by Doitchinov with the help of (balanced) Cauchy pairs of
sequences only.)
We next explain why sequences are inadequate for the quasi-metric completion theory presented in this article. Indeed
the following example shows that for a general quasi-pseudometric d on a set X a balanced Cauchy ﬁlter pair (with both
ﬁlters of the pair possessing a countable base) need not be Ud-equivalent to the Cauchy ﬁlter pair generated by a balanced
Cauchy pair of sequences on X .
Example 5. By Y we shall denote a ﬁxed uncountable set. Let X = (Y ×{0−})∪ (Y ×{0+})∪ (Y ×N×{0−})∪ (Y ×N×{0+}).
Set d(x, x) = 0 whenever x ∈ X . Let d((a,0−), (y,n,0−)) = 12n , if a, y ∈ Y ,n ∈ N and a = y; set d((x,m,0+), (b,0+)) = 12m ,
if x,b ∈ Y , m ∈ N and x = b; and let d((x,m,0+), (y,n,0−)) = 12m + 12n , where x, y ∈ Y and m,n ∈ N. Furthermore set
d(x, y) = 1 otherwise. We leave it to the reader to check that d is a T0-quasi-metric on X .
For each n ∈ N set Gn = {(y,k,0−): y ∈ Y ,k  n,k ∈ N} and Fn = {(x,m,0+): x ∈ Y ,m  n,m ∈ N}. Let F be the ﬁlter
on X generated by the base {Fn: n ∈ N} and G be the ﬁlter on X generated by the base {Gn: n ∈ N}. By deﬁnition of d
it is obvious that 〈F ,G〉 is a Cauchy ﬁlter pair on (X,d). We want to show that for any s, t ∈ X we have that d(s, t) 
infk∈NΦd(s,Gk) + infp∈NΦd(F p, t). Since d  1, it suﬃces to consider the case that both the two summands on the right-
hand side are smaller than 1. Since for all n ∈ N and y ∈ Y we have d((y,0−), (y,n,0−)) = 1, and since for all n ∈ N and
x ∈ Y we have d((x,n,0+), (x,0+)) = 1, we conclude that s is of the form (x,m,0+), and t is of the form (y,n,0−), where
x, y ∈ Y and m,n ∈ N. Therefore we see that the inequality 12m + 12n  d(s, t) infk∈NΦd(s,Gk)+ infp∈NΦd(F p, t) = 12m + 12n
holds. Hence 〈F ,G〉 is a balanced Cauchy ﬁlter pair on (X,d). Suppose that there exists a Cauchy pair 〈(sk)k∈N, (tp)p∈N〉 of
sequences in (X,d) which is Ud-equivalent to 〈F ,G〉. We are going to prove that the Cauchy ﬁlter pair 〈F(sk)k∈N,F(tp)p∈N〉
is not balanced: Since by our assumption 〈F(sk)k∈N,G〉, 〈F ,F(tp)p∈N〉 are Cauchy ﬁlter pairs, we conclude that for each
 ∈ N there is m ∈ N such that m  , Φd({sk: k ∈ N,k  m} × Gm) < 12 and Φd(Fm × {tp: p ∈ N, p  m}) < 12 . It fol-
lows that {sk: k  m,k ∈ N} ⊆ F and {tp: p  m, p ∈ N} ⊆ G by deﬁnition of d. We have shown that F ⊆ F(sk)k∈N
and G ⊆ F(tp)p∈N. We now ﬁnd a,b ∈ Y \ ({ﬁrst coordinate of sk: k ∈ N} ∪ {ﬁrst coordinate of tp: p ∈ N}). Then 1 =
d((a,0−), (b,0+)), but infp∈NΦd((a,0−), {tr: r ∈ N, r  p}) + infk∈NΦd({sn: n ∈ N,n  k}, (b,0+)) = 0 + 0. We conclude
that 〈(sk)k∈N, (tp)p∈N〉 is not balanced on (X,d). It follows that the Ud-equivalence class of 〈F ,G〉 does not contain a ﬁlter
pair generated by a balanced Cauchy pair of sequences.
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In this section we show that two distinct quasi-pseudometrics d and d′ on a set X can induce the same quasi-uniformity
Ud = Ud′ although d′ is B-complete, while d is not. (In this context we recall that besides his theory of balanced T0-quasi-
metric spaces Doitchinov [8] developed a related theory for so-called quiet T0-quasi-uniform spaces.)
Example 6. Let X = {− 1n , 1n : n ∈ N}. For any x, y ∈ X deﬁne d : X × X → [0,∞[ as follows: Set d(x, y) = 0 if x = y; further-
more set d(x, y) = y − x if x < 0 < y; and set d(x, y) = 2 otherwise. Let A be any subset of N \ {1}. We shall also consider
dA : X × X → [0,∞[ deﬁned as follows: Given n ∈ A, set dA(− 1n , 1n ) = 3n and dA(x, y) = d(x, y) otherwise. In particular we
have d∅ = d. Furthermore for instance d{2}(x, y) = d(x, y), except that d{2}(−12 , 12 ) = 32 . We ﬁrst prove that each dA satisﬁes
the triangle inequality:
We have to show that dA(x, z)  dA(x, y) + dA(y, z) whenever x, y, z ∈ X . Since dA  2, similarly as above it
clearly suﬃces to consider the case that x = y, y = z and neither dA(x, y) nor dA(y, z) is equal to 2. But this
is impossible, since for instance 0 = dA(x, y) < 2 implies that x < 0 < y. Hence dA is a T0-quasi-metric on X .
We also note that d  dA  32d. Therefore d and dA induce the same quasi-uniformity Ud = UdA on X . Let F
be the ﬁlter on X generated by {]−,0[ ∩ X:  > 0}, and let G be the ﬁlter on X generated by {]0, [ ∩ X :
 > 0}. Then 〈F ,G〉 is a nonconvergent Cauchy ﬁlter pair on (X,dA) where A is an arbitrary subset of N \ {1}.
Next we want to show that (X,dA) is a balanced T0-quasi-metric space if and only if A is empty. So let A be any subset
of N \ {1}. Consider an arbitrary Cauchy ﬁlter pair 〈F ′,G′〉 on (X,dA). According to Proposition 4 we have to investigate
whether 〈F ′,G′〉 is balanced. Similarly as in Example 4 we see by the deﬁnition of dA that there is x ∈ X such that
〈F ′,G′〉 = αX (x), or 〈F ,G〉 is coarser than 〈F ′,G′〉. Since αX (x) is balanced, in the following we need only study the
second case further. Assume now that A is empty, and let a,b ∈ X . Because d  2, in order to prove balancedness of
〈F ′,G′〉, it obviously suﬃces to consider the case that both infG ′∈G′ Φd(a,G ′) < 2 and infF ′∈F ′ Φd(F ′,b) < 2. Then a < 0< b.
Thus d(a,b) = −a+ b = infG ′∈G′ Φd(a,G ′)+ infF ′∈F ′ Φd(F ′,b). Hence 〈F ′,G′〉 is balanced on (X,d). We conclude that (X,d)
is balanced. In particular we also deduce that (X,d) is not B-complete. On the other hand let A be nonempty. We ﬁnd n ∈ N
such that n ∈ A. Then 3n = dA(− 1n , 1n )  inf>0 ΦdA (− 1n , ]0, [ ∩ X) + inf>0 ΦdA (]−,0[ ∩ X, 1n ) = 2n . Hence for nonempty A
the Cauchy ﬁlter pair 〈F ,G〉 on (X,dA) is not balanced. We then conclude that also the ﬁner Cauchy ﬁlter pair 〈F ′,G′〉 is
not balanced. Consequently each balanced Cauchy ﬁlter pair on (X,dA) is equal to some αX (x) (with x ∈ X) provided that
A is nonempty. Hence we have proved that (X,dA) is B-complete if and only if A is nonempty. Note that our proof shows
that given a nonempty subset A of N \ {1}, the identity map id : (X,dA) → (X,d) is balanced, but the inverse map is only
uniformly continuous and not balanced.
Remark 3. If Ud1 = Ud2 for quasi-pseudometrics d1 and d2 on a set X, then two Cauchy ﬁlter pairs 〈F1,G1〉 and 〈F2,G2〉 on
(X,d1) (equivalently, (X,d2)) are Ud1 -equivalent if and only if they are Ud2 -equivalent, since Ud1 = Ud2 implies that (X,d1)
and (X,d2) have the same Cauchy ﬁlter pairs.
In order to investigate the phenomenon discussed in Example 6 further we introduce the following concept: Two
quasi-pseudometrics d1 and d2 on a set X are called B-equivalent provided that the following conditions are all satis-
ﬁed: (1) Ud1 = Ud2 , (2) each balanced Cauchy ﬁlter pair on (X,d1) is Ud1 -equivalent to a balanced Cauchy ﬁlter pair on
(X,d2) and (3) each balanced Cauchy ﬁlter pair on (X,d2) is Ud2 -equivalent to a balanced Cauchy ﬁlter pair on (X,d1).
Lemma 4. Let d1 and d2 be two quasi-pseudometrics on a set X such that Ud1 = Ud2 . Then d1 and d2 are B-equivalent if and only if
(X,d1) and (X,d2) have the same minimal balanced Cauchy ﬁlter pairs.
Proof. The assertion is a consequence of Lemmas 2 and 3. The proof is left to the reader. 
Remark 4. If d1 and d2 are two B-equivalent quasi-pseudometrics on a set X and d1 is B-complete, then d2 is B-complete,
too: Indeed a quasi-pseudometric space (X,d) is B-complete if and only if the collection {〈U−1d (x),Ud(x)〉: x ∈ X} is equal to
the set of all minimal balanced Cauchy ﬁlter pairs on (X,d) (compare e.g. [15, Example 3]). Since by assumption Ud1 = Ud2 ,
the result follows from Lemma 4.
Proposition 5. Let d1 and d2 be T0-quasi-metrics on a set X that are B-equivalent. Then we have Ud˜1 = Ud˜2 for the B-completions
( X˜, d˜1) of (X,d1) and ( X˜, d˜2) of (X,d2).
Proof. As noted in Lemma 4, the set X˜ of the minimal balanced Cauchy ﬁlter pairs on (X,d1) is equal to the set of
the minimal balanced Cauchy ﬁlter pairs on (X,d2). Therefore our notation is appropriate. Let  > 0. Then there is
δ > 0 such that Ud1,δ ⊆ Ud2, 2 , since Ud1 = Ud2 . Consider 〈F1,G1〉, 〈F2,G2〉 ∈ X˜ such that d˜1(〈F1,G1〉, 〈F2,G2〉) < δ. By
deﬁnition of d˜1, there are F1 ∈ F1 and G2 ∈ G2 such that Φd1 (F1,G2) < δ. Consequently Φd2 (F1,G2)  2 and hence
d˜2(〈F1,G1〉, 〈F2,G2〉) < . We conclude that Ud˜2 ⊆ Ud˜1 . Similarly one shows that Ud˜1 ⊆ Ud˜2 . It follows that Ud˜1 = Ud˜2 . 
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Indeed since Ud1 = Ud2 , (X,d1) and (X,d2) have the same Cauchy ﬁlter pairs. Because both d1 and d2 are balanced, all these
Cauchy ﬁlter pairs are balanced on (X,d1) and (X,d2) by Proposition 4. The statement now immediately follows from the
deﬁnition of B-equivalence.
4. Further examples of balanced maps
In this section we consider how balancedness of ﬁlter pairs is preserved under some well-known constructions applied
to quasi-pseudometrics. In particular we shall prove a result showing that the B-completion commutes in the expected way
with an appropriate form of a countable product of quasi-pseudometric spaces. Similar results for balanced quasi-metrics
were obtained by Doitchinov in [7]. We start with an auxiliary result.
Lemma 5. Let 〈F ,G〉 be a Cauchy ﬁlter pair on a quasi-pseudometric space (X,d) and let x, y ∈ X . Then Φd(x,G) < ∞ for some
G ∈ G and Φd(F , y) < ∞ for some F ∈ F .
Proof. The assertion follows from the fact that d+(αX (x), 〈F ,G〉) < ∞ and d+(〈F ,G〉,αX (y)) < ∞, see [15, Lemma 2]. 
Remark 6. Let (X,d) be a quasi-pseudometric space and let c be a positive real constant. Then the identity map id : (X,d) →
(X, c · d) and its inverse (id)−1 are both balanced. (Note ﬁrst that c · d is a quasi-pseudometric on X .) Indeed c · d and d
have the same (balanced) Cauchy ﬁlter pairs.
Lemma 6. Let (X,d) be a quasi-pseudometric space and let t be a positive real constant. Set dt = min{t,d}. Then dt is a quasi-
pseudometric on X and the identity map id : (X,d) → (X,dt) is balanced. The inverse map (id)−1 : (X,dt) → (X,d) need not be
balanced.
Proof. It is well known (compare e.g. [9, Theorem 4.1.3]) that dt is a quasi-pseudometric on X such that Ud = Udt . It is
readily checked that the identity map id : (X,d) → (X,dt) is balanced. Observe that Example 6 can be used to prove the
statement about the inverse map: By the result established there, (X,d{2}) is not balanced. But (X,min{ 12 ,d{2}}) is balanced,
since min{ 12 ,d{2}} = min{ 12 ,d} is balanced, because an arbitrary Cauchy ﬁlter pair on (X,min{ 12 ,d}) is balanced on the
balanced space (X,d) and thus on (X,min{ 12 ,d}) according to the statement established in the ﬁrst part of Lemma 6. 
Lemma 7. Let (X,d) be a quasi-pseudometric space. Set db = d1+d . Then db is a quasi-pseudometric on X and id : (X,d) → (X,db) is
balanced. The inverse map (id)−1 : (X,db) → (X,d) need not be balanced.
Proof. It is well known (compare e.g. [9, Exercise 4.1.B(a)]) that db is a quasi-pseudometric on X such that Ud = Udb . Let〈F ,G〉 be a balanced Cauchy ﬁlter pair on (X,d). Then for each x, y ∈ X we have d(x, y) infG∈G Φd(x,G)+ infF∈F Φd(F , y).
Of course, 〈F ,G〉 is a Cauchy ﬁlter pair on (X,db), since the identity map id : (X,d) → (X,db) is uniformly continuous. Fix
x, y ∈ X . By Lemma 5 there are F ∈ F and G ∈ G such that Φd(F , y) < ∞ and Φd(x,G) < ∞. Consider any F ′ ∈ F and G ′ ∈ G
such that F ′ ⊆ F and G ′ ⊆ G and let  > 0. There are f ′ ∈ F ′ and g′ ∈ G ′ such that Φd(x,G ′) d(x, g′) + 2 and Φd(F ′, y)
d( f ′, y)+ 2 . Then d(x, y) d(x, g′)+ 2 +d( f ′, y)+ 2 . Since the real-valued function f (t) = t1+t is monotonically increasing
where t ∈ [0,∞[, we get that db(x, y) = d(x,y)1+d(x,y) 
d(x,g′)+ 2 +d( f ′,y)+ 2
1+d(x,g′)+ 2 +d( f ′,y)+ 2 . Thus db(x, y)
d(x,g′)+ 2
1+d(x,g′) +
d( f ′,y)+ 2
1+d( f ′,y) 
d(x,g′)
1+d(x,g′) +

2 + d( f
′,y)
1+d( f ′,y) + 2  Φdb (x,G ′) + 2 + Φdb (F ′, y) + 2 . Because  was arbitrary, it follows that db(x, y)  infG∈G Φdb (x,G) +
infF∈F Φdb (F , y). Hence 〈F ,G〉 is balanced on (X,db) and so id : (X,d) → (X,db) is balanced. Again we use Example 6
to prove the statement about the inverse map. There we noted that (X,d{2}) is not balanced, because the inequality for
balancedness does not hold for the pair of points (− 12 , 12 ) and all Cauchy ﬁlter pairs on X ﬁner than the ﬁlter pair 〈F ,G〉
deﬁned in Example 6. Indeed, since d is balanced, and since d = d{2} except at (− 12 , 12 ), one readily checks that these
are the only instances where d{2} does not satisfy the inequality of balancedness (as formulated in Deﬁnition 1(a)). Hence
the argument presented in the ﬁrst part of this proof establishes that the condition of balancedness holds for all pairs of
points in X × X and all Cauchy ﬁlter pairs on (X, (d{2})b), except maybe for the pair (− 12 , 12 ) of points and all Cauchy
ﬁlter pairs 〈F ′,G′〉 on X ﬁner than 〈F ,G〉. However the space (X, (d{2})b) is balanced, since indeed (d{2})b(− 12 , 12 ) =
3
2
1+ 32
<
2
3 =
1
2
1+ 12
· 2 = infG ′∈G′ Φ(d{2})b (− 12 ,G ′) + infF ′∈F ′ Φ(d{2})b (F ′, 12 ) whenever 〈F ′,G′〉 is a Cauchy ﬁlter pair ﬁner than 〈F ,G〉
on X . 
Various methods are known to equip products of ﬁnitely or countably many quasi-pseudometric spaces with a product
quasi-pseudometric that induces the product quasi-uniformity. In our context it seems best to endow such products with
the supremum quasi-pseudometric (see [16, p. 3 and p. 233]), of course, appropriately scaled in the case of countably
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maximum quasi-pseudometric d((xi)ni=1, (yi)
n
i=1) := max{di(xi, yi): i = 1, . . . ,n} on the product
∏n
i=1 Xi, where xi, yi ∈ Xi
(i = 1, . . . ,n). In the following we shall leave the case of ﬁnitely many factor spaces to the reader. We only deal with the
case of countably inﬁnitely many factor spaces. To simplify the notation we shall use a ∨ b to denote the maximum of two
real numbers a and b in the next proof. Let us still introduce some further notation ﬁrst. For each i ∈ N let f i : Xi → Yi
be a map. The map (
∏
i∈N f i) :
∏
i∈N Xi →
∏
i∈N Yi is deﬁned as follows: (
∏
i∈N f i)((xi)i∈N) = ( f i(xi))i∈N whenever (xi)i∈N ∈∏
i∈N Xi . For each i ∈ N let Fi be a ﬁlter on the set Xi . Then
∏
i∈NFi will denote the ﬁlter on
∏
i∈N Xi that is generated by
the ﬁlter base consisting of the sets
∏
i∈N Fi where Fi ∈ Fi whenever i ∈ N and Fi = Xi for all but ﬁnitely many i ∈ I.
Lemma 8. Let a sequence ((X j,d j)) j∈N of quasi-pseudometric spaces be given, where for each j ∈ N we have that d j  1. For any
(x j) j∈N, (y j) j∈N ∈∏ j∈N X j, we put d((x j) j∈N, (y j) j∈N) := sup j∈N 12 j d j(x j, y j). Then d is a quasi-pseudometric on
∏
j∈N X j . Fur-
thermore for each i ∈ N, the projection πi : (∏ j∈N X j,d) → (Xi,di) is balanced.
Proof. It is well known and easy to see that d is a quasi-pseudometric on
∏
j∈N X j, which induces the product quasi-
uniformity
∏
j∈N Ud j on
∏
j∈N X j (compare e.g. [17, Theorem 20.5] or [9, p. 439]). Let 〈F ,G〉 be a balanced Cauchy ﬁlter
pair on (
∏
j∈N X j,d). Given i ∈ N, we have to show that 〈πiF ,πiG〉 is balanced on (Xi,di). (It is a Cauchy ﬁlter pair
on (Xi,di), because the projection map πi is uniformly continuous.) In order to reach a contradiction, suppose that there
are a,b ∈ Xi, F ∈ F and G ∈ G such that di(a,b) > Φdi (a,πiG) + Φdi (πi F ,b). Set δ = di(a,b) − Φdi (a,πiG) − Φdi (πi F ,b).
Since 〈F ,G〉 is a Cauchy ﬁlter pair on (∏ j∈N X j,d), we can choose F ′ ∈ F , G ′ ∈ G, F ′ ⊆ F and G ′ ⊆ G such that
Φd(F ′,G ′) < δ5·2i . Furthermore ﬁnd x = (x j) j∈N ∈ F ′ and y = (y j) j∈N ∈ G ′. Deﬁne s = (s j) j∈N and t = (t j) j∈N in
∏
j∈N X j
as follows: Set s j = x j if j ∈ N and j = i; furthermore let si = a. Set t j = y j if j ∈ N, and j = i; furthermore let
ti = b. By Lemma 5 there are F ′′ ∈ F and G ′′ ∈ G such that F ′′ ⊆ F ′, G ′′ ⊆ G ′, Φd(F ′′, t) < ∞ and Φd(s,G ′′) < ∞. Since
〈F ,G〉 is balanced on (∏ j∈N X j,d), we have that d(s, t)  Φd(s,G ′′) + Φd(F ′′, t). Therefore for some g = (g j) j∈N ∈ G ′′
and f = ( f j) j∈N ∈ F ′′, we see that Φd(s,G ′′)  d(s, g) + δ5·2i and Φd(F ′′, t)  d( f , t) + δ5·2i . Then 12i di(a,b) = 12i di(si, ti) 
d(s, t)  Φd(s,G ′′) + Φd(F ′′, t)  d(s, g) + d( f , t) + 2δ5·2i  sup j∈N, j =i{ 12 j d j(s j, g j)} ∨ 12i di(a, gi) + sup j∈N, j =i{ 12 j d j( f j, t j)} ∨
1
2i
di( f i,b) + 2δ5·2i  Φd(x,G ′′) ∨ 12i di(a, gi) + Φd(F ′′, y) ∨ 12i di( f i,b) + 2δ5·2i  δ5·2i + 12i di(a, gi) + δ5·2i + 12i di( f i,b) + 2δ5·2i . So
di(a,b)  di(a, gi) + di( f i,b) + 4δ5 . Therefore di(a,b)  Φdi (a,πiG ′′) + Φdi (πi F ′′,b) + 4δ5  Φdi (a,πiG) + Φdi (πi F ,b) + 4δ5 .
Then δ = di(a,b) − Φdi (a,πiG) − Φdi (πi F ,b)  4δ5 — a contradiction. Thus 〈πiF ,πiG〉 is balanced on (Xi,di). We have
shown that πi is balanced. 
Lemma 9. For each i ∈ N let (Xi,di) be a (nonempty) quasi-pseudometric space such that di  1. As above, on the product∏i∈N Xi put
d((xi)i∈N, (yi)i∈N) := sup{2−idi(xi, yi): i ∈ N} where for each i ∈ N, xi, yi ∈ Xi . Then a ﬁlter pair 〈F ,G〉 is a balanced Cauchy ﬁlter
pair on (
∏
i∈N Xi,d) if and only if 〈πiF ,πiG〉 is a balanced Cauchy ﬁlter pair on (Xi,di) whenever i ∈ N, where πi : (
∏
i∈N Xi,d) →
(Xi,di) denotes the projection map.
Proof. If 〈F ,G〉 is a balanced Cauchy ﬁlter pair on (∏i∈N Xi,d), then for each i ∈ I , 〈πiF ,πiG〉 is a balanced Cauchy ﬁlter
pair on Xi , since the projection map πi is balanced by Lemma 8. On the other hand suppose that 〈πiF ,πiG〉 is a balanced
Cauchy ﬁlter pair on (Xi,di) whenever i ∈ N. Using the deﬁnition of d a straightforward argument shows that 〈F ,G〉 is
balanced on (
∏
i∈N Xi,d). 
Corollary 3. Let ((Xi,di))i∈N be a family of quasi-pseudometric spaces such that di  1 whenever i ∈ N. Suppose that∏i∈N Xi = ∅.
Then (
∏
i∈N Xi, supi∈N
di
2i
) is B-complete if and only if (Xi,di) is B-complete whenever i ∈ N.
Proof. A standard proof can be based on Lemmas 8 and 9, as well as Example 1. It is omitted. 
Proposition 6. For each i ∈ N let f i : (Xi,di) → (Yi, ei) be a family of maps between quasi-pseudometric spaces (Xi,di) and
(Yi, ei), where di  1 and ei  1 whenever i ∈ N. Suppose that ∏i∈N Xi = ∅. Then the map
∏
i∈N f i : (
∏
i∈N Xi, supi∈N
di
2i
) →
(
∏
i∈N Yi, supi∈N
ei
2i
) is balanced if and only if each fi (i ∈ N) is balanced.
Proof. For convenience we set d := supi∈N di2i and e := supi∈N ei2i . It is well known and easy to see that
∏
i∈N f i is uniformly
continuous if and only if each f i (i ∈ N) is uniformly continuous (compare for instance [9, Theorem 8.2.1]). Suppose now
that the map
∏
i∈N f i is balanced. Fix j ∈ N. Choose ai ∈ Xi whenever i ∈ N and i = j. Let t j : X j →
∏
i∈N Xi be deﬁned
by t j(x) = (bi)i∈N where b j = x ∈ X j and bi = ai whenever i ∈ N and i = j. Then t j : (X j,d j) → (∏i∈N Xi,d) is a balanced
map, as we show next: Indeed let  > 0 and x, y ∈ X j be such that d j(x, y) < . Then d(t j(x), t j(y)) = 12 j d j(x, y) < .
Hence t j is uniformly continuous. Let 〈F ,G〉 be a balanced Cauchy ﬁlter pair on (X j,d j) and let (xi)i∈N, (yi)i∈N ∈∏i∈N Xi .
Note that for each i ∈ N with i = j, we have by the triangle inequality and the deﬁnition of d that 1i di(xi, yi) 2
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di(xi,ai) + 12i di(ai, yi)Φd((xi)i∈N, t j(G)) + Φd(t j(F ), (yi)i∈N) whenever F ∈ F and G ∈ G. Furthermore by balancedness
of 〈F ,G〉 on (X j,d j) we have 12 j d j(x j, y j)  12 j d j(x j,G) + 12 j d j(F , y j)  Φd((xi)i∈N, t j(G)) + Φd(t j(F ), (yi)i∈N) whenever
F ∈ F and G ∈ G. We conclude that d((xi)i∈N, (yi)i∈N)Φd((xi)i∈N, t j(G)) + Φd(t j(F ), (yi)i∈N) whenever F ∈ F and G ∈ G.
We have shown that t j : (X j,d j) → (∏i∈N Xi,d) is balanced. Evidently f j = π j ◦ (
∏
i∈N f i) ◦ t j where π j :
∏
i∈N Yi → Y j is
the projection map. The composition on the right-hand side is balanced as the composition of three balanced maps. We
conclude that f j : (X j,d j) → (Y j, e j) is balanced. For the converse suppose that each f i (i ∈ N) is balanced. Let 〈F ,G〉
be a balanced Cauchy ﬁlter pair on (
∏
i∈N Xi,d). The ﬁlter pair 〈(
∏
i∈N f i)F , (
∏
i∈N f i)G〉 clearly is a Cauchy ﬁlter pair on
(
∏
i∈N Yi, e), since
∏
i∈N f i is uniformly continuous. We see that 〈(
∏
i∈N f i)F , (
∏
i∈N f i)G〉 is balanced as follows: Given for
each i ∈ N some xi, yi ∈ Yi, we deduce by balancedness of π ′i :
∏
i∈N Xi → Xi and f i , as well as the deﬁnition of e, that
1
2i
ei(xi, yi) 12i Φei (xi, f i(π
′
i G))+ 12i Φei ( f i(π ′i F ), yi)Φe((xi)i∈N, (
∏
i∈N f i)(G))+Φe((
∏
i∈N f i)(F ), (yi)i∈N) whenever F ∈ F
and G ∈ G. Hence e((xi)i∈N, (yi)i∈N)Φe((xi)i∈N, (∏i∈N f i)(G))+Φe((
∏
i∈N f i)(F ), (yi)i∈N) whenever F ∈ F and G ∈ G. We
conclude that 〈(∏i∈N f i)F , (
∏
i∈N f i)G〉 is a balanced Cauchy ﬁlter pair on the space (
∏
i∈N Yi, e). Hence the map
∏
i∈N f i
is balanced. 
Proposition 7. Let ((Xi,di))i∈N be a family of T0-quasi-metric spaces with B-completions (( X˜i, d˜i))i∈N such that for each i ∈ N,
di  1. Then (
∏
i∈N X˜i, supi∈N
d˜i
2i
) yields the B-completion of the T0-quasi-metric space (
∏
i∈N Xi, supi∈N
di
2i
).
Proof. Note ﬁrst that for each i ∈ N, d˜i  1 by deﬁnition of (di)+. For each j ∈ N the natural isometric embedding
β j : (X j,d j) → ( X˜ j, d˜ j) is balanced (see [15, Corollary 10]). It follows from Proposition 6 that the isometric embedding
β :=∏ j∈N β j : (
∏
i∈N Xi, supi∈N
di
2i
) → (∏i∈N X˜i, supi∈N d˜i2i ) is balanced. Furthermore (
∏
i∈N X˜i, supi∈N
d˜i
2i
) is B-complete by
Corollary 3. Let 〈F j,G j〉 ∈ X˜ j whenever j ∈ N. For each j ∈ N we have that 〈F j,G j〉 is a minimal balanced Cauchy
ﬁlter pair on (X j,d j) such that 〈β j(F j), β j(G j)〉 converges to 〈F j,G j〉 in ( X˜ j, d˜ j) (see remarks following Theorem 1).
Thus 〈β(∏ j∈NF j), β(
∏
j∈N G j)〉 converges to (〈F j,G j〉) j∈N and 〈
∏
j∈NF j,
∏
j∈N G j〉 is a balanced Cauchy ﬁlter pair on
(
∏
j∈N X j,d) by Lemma 9. The result follows from the characterization of the B-completion given in Theorem 2. 
5. B-completion versus bicompletion
In this section we shall characterize those T0-quasi-metric spaces for which the B-completion coincides with the bicom-
pletion. A Cauchy ﬁlter pair of the form 〈F ,F〉 on a quasi-pseudometric space (X,d) will be called constant.
Proposition 8. Let (X,d) be a T0-quasi-metric space. Then the following conditions are equivalent:
(a) The bicompletion of (X,d) is equal to the B-completion of (X,d).
(b) Each minimal balanced Cauchy ﬁlter pair on (X,d) is linked.
(c) Each balanced Cauchy ﬁlter pair is Ud-equivalent to a constant Cauchy ﬁlter pair on (X,d).
Proof. (a) ⇒ (b): Let 〈F ,G〉 be a minimal balanced Cauchy ﬁlter pair on (X,d). Evidently by hypothesis 〈F ,G〉 is
Ud-equivalent to a constant (balanced) Cauchy ﬁlter pair 〈H,H〉 on (X,d) (see remarks after Theorem 1). Then by
[15, Lemma 5] 〈F ,G〉 is coarser than 〈H,H〉 and thus 〈F ,G〉 is linked.
(b) ⇒ (c): Let 〈F ,G〉 be a balanced Cauchy ﬁlter pair on (X,d). Furthermore let 〈Fm1 ,Gm2 〉 be the minimal Cauchy
ﬁlter pair coarser than 〈F ,G〉 on (X,d) (see Lemma 3). Then by our assumption the ﬁlter Fm1 ∨ Gm2 exists. It obviously
is a ds-Cauchy ﬁlter. Furthermore 〈Fm1 ,Gm2 〉 and the constant Cauchy ﬁlter pair 〈Fm1 ∨ Gm2 ,Fm1 ∨ Gm2 〉 are Ud-equivalent.
Hence 〈F ,G〉 is Ud-equivalent to that constant Cauchy ﬁlter pair on (X,d).
(c) ⇒ (a): We know that for any T0-quasi-metric space the B-completion is an extension of the bicompletion
[15, Corollary 5]. By assumption each balanced Cauchy ﬁlter pair on (X,d) is Ud-equivalent to a constant Cauchy ﬁlter
pair. Hence the two constructions coincide, because all points of the B-completion are represented in the bicompletion. 
Corollary 4. Let d1 and d2 be two quasi-pseudometrics on a set X such that Ud1 = Ud2 . Furthermore suppose that each minimal
balanced Cauchy ﬁlter pair on (X,d1) is linked and that each minimal balanced Cauchy ﬁlter pair on (X,d2) is linked. Then d1 and d2
are B-equivalent.
Proof. The statement follows from Lemmas 1 and 3. The details are left to the reader. 
We next deﬁne a variant of the concept of a ﬁlter-symmetric quasi-uniformity (compare [6]). A quasi-pseudometric
space (X,d) will be called B-ﬁlter-symmetric provided that for each balanced Cauchy ﬁlter pair 〈F ,G〉 on (X,d), 〈G,F〉
is a Cauchy ﬁlter pair on (X,d). (Note that 〈G,F〉 is then also balanced, since otherwise there are x, y ∈ X , δ > 0 and
F ∈ F and G ∈ G such that d(x, y) > Φd(x, F ) + Φd(G, y) + δ and Φd(F ,G) < δ; therefore for any f ∈ F and any g ∈ G we
get that d(x, y) d(x, f ) + d( f , g) + d(g, y) Φd(x, F ) + δ + Φd(G, y) < d(x, y) — a contradiction.) Observe also that each
pseudometric space is (B-)ﬁlter-symmetric.
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Proof. Let 〈F ,G〉 be a balanced Cauchy ﬁlter pair on (X,d). By B-ﬁlter-symmetry 〈G,F〉 is a Cauchy ﬁlter pair. By the
triangle inequality it follows that 〈F ,F〉 and 〈G,G〉 are Cauchy ﬁlter pairs on (X,d). Altogether it follows that 〈F ∩G,F ∩G〉
is a balanced Cauchy ﬁlter pair on (X,d) (see Lemma 2). We conclude that each minimal balanced Cauchy ﬁlter pair on
(X,d) is constant. Therefore the assertion follows from Proposition 8. 
Example 7. Let R be the set of the reals equipped with its Sorgenfrey T0-quasi-metric s. Then (R, s) is B-complete [7, p. 132]
and so each minimal balanced Cauchy ﬁlter pair on this space is of the form 〈U−1s (x),Us(x)〉 for some x ∈ R. Hence it is
linked. But the minimal balanced Cauchy ﬁlter pairs on (R, s) are clearly not constant. Indeed the latter condition would
imply that Us(x) = U−1s (x) whenever x ∈ R.
6. Totally bounded quasi-pseudometrics
As usual, we call a quasi-pseudometric d totally bounded provided that ds is a totally bounded pseudometric. Totally
bounded balanced quasi-pseudometrics are known to induce uniformities (see [10,13,6]). The following proposition, which
establishes that total boundedness is preserved by the B-completion, makes use of techniques of Deák (compare [4, Propo-
sition 6.5] and [5, Proposition 2.3]). For the convenience of the reader we include a proof of the result.
Proposition 9. Let (X,d) be a totally bounded T0-quasi-metric space and let ( X˜, d˜) be its B-completion. Then ( X˜, d˜) is totally bounded
(and bicomplete). (Hence τ ((˜d)s) is a compact Hausdorff topology.)
Proof. As mentioned before, it is known that ( X˜, d˜) is bicomplete [15, Corollary 5]. We shall identify the points of X
with their images in X˜ under the map βX . Let  > 0. Since Ud is totally bounded, there is a ﬁnite cover {Ai: i ∈ F } of
X such that Ai × Ai ⊆ Ud, 4 whenever i ∈ F . For convenience let us set V := Ud, 4 . Since X is dense in X˜, we conclude
that
⋃
i∈F clτ (Ud˜)Ai = X˜ . Consider the ﬁnite partition P of X˜ that is determined by the cover {clτ (Ud˜)Ai: i ∈ F } of X˜ .
Let P ∈ P . Hence for some J ⊆ F , P ∈ P is equal to ⋂i∈ J clτ (Ud˜)Ai \ (
⋃
i∈F\ J clτ (Ud˜)Ai). In order to establish that ( X˜, d˜)
is totally bounded, it will suﬃce to show that P × P ⊆ Ud˜, . Let (〈F ,G〉, 〈F ′,G′〉) ∈ P × P . Then there is W ∈ Ud˜ such
that W (〈F ′,G′〉) ∩⋃i∈F\ J Ai = ∅, so W (〈F ′,G′〉) ∩ X ⊆
⋃
i∈ J Ai . Because βX (G′) converges to 〈F ′,G′〉 with respect to the
topology τ (Ud˜), we conclude from the latter inequality that
⋃
i∈ J Ai ∈ G′. Fix i ∈ J . Since Ai × Ai ⊆ V , we have V−1(Ai) ×
Ai ⊆ V 2. Because 〈F ,G〉 ∈ clτ (Ud˜)Ai and hence Ud˜, 4 (〈F ,G〉) ∩ Ai = ∅, there are Fi ∈ F and ai ∈ Ai such that Fi × {ai} ⊆ V .
Thus Fi ⊆ V−1(ai) ⊆ V−1(Ai). Hence ⋂i∈ J F i ⊆
⋂
i∈ J V−1(Ai). It follows that
⋂
i∈ J V−1(Ai) ×
⋃
i∈ J Ai ⊆ V 2 ⊆ Ud, 2 . By
deﬁnition of d˜, we conclude that (〈F ,G〉, 〈F ′,G′〉) ∈ Ud˜, and thus P × P ⊆ Ud˜, . Hence we have veriﬁed that Ud˜ is totally
bounded. 
Our ﬁnal example shows that even for a totally bounded T0-quasi-metric space (X,d) the B-completion can be strictly
larger than the bicompletion of (X,d). Similar constructions have been used by Deák (see [2, Section 3]).
Example 8. (See also [15, Example 4].) Let Z− = {− 1n+1 : n ∈ N} and Z+ = { 1n+1 : n ∈ N}. Furthermore set Z = Z− ∪ Z+ and
X = Z ×{1,2}. By |x− y| we shall denote the usual distance between two real numbers x and y. Deﬁne d : X × X → [0,∞[
as follows. Set d(x, x) = 0 whenever x ∈ X . For distinct points (z1, i1) and (z2, i2) in X with z1, z2 ∈ Z and i1, i2 ∈ {1,2}
set d((z1, i1), (z2, i2)) = |z1 − z2| if (1) z1 < 0 < z2 and i1, i2 are arbitrary or if (2) z1 · z2 > 0 and i1 = i2. Otherwise set
d(x, y) = 2. Note that d  2. We next verify that d satisﬁes the triangle inequality. So let x1 = (z1, i1), x2 = (z2, i2), x3 =
(z3, i3) in X with z1, z2, z3 ∈ Z and i1, i2, i3 ∈ {1,2}. Since d  2, it suﬃces to consider the case that d((z1, i1), (z2, i2)) < 2
and d((z2, i2), (z3, i3)) < 2. Hence d(x1, x2) = |z1 − z2| and d(x2, x3) = |z2 − z3|. By deﬁnition of d, therefore z1 ∈ Z− and
z2 ∈ Z+, or z1, z2 ∈ Z−, or z1, z2 ∈ Z+. Moreover z2 ∈ Z− and z3 ∈ Z+, or z2, z3 ∈ Z−, or z2, z3 ∈ Z+. Combining these
possibilities, we can distinguish the following four cases. Case 1: z1 ∈ Z− and z2, z3 ∈ Z+. Case 2: z1, z2 ∈ Z− and z3 ∈ Z+.
Case 3: z1, z2, z3 ∈ Z−. Case 4: z1, z2, z3 ∈ Z+. By deﬁnition of d, Cases 1 and 2 imply that d(x1, x3) = |z1 − z3|. On the
other hand, in Cases 3 and 4, d(x1, x2) = |z1 − z2| and d(x2, x3) = |z2 − z3| yield i1 = i2 and i2 = i3. Hence i1 = i3 and thus
d(x1, x3) = |z1 − z3| in either case. It follows that in all four cases under consideration the triangle inequality holds. Hence d
is a T0-quasi-metric on X . Since the four subspaces Z− ×{1}, Z− ×{2}, Z+ ×{1}, and Z+ ×{2} of (X,d) are clearly all totally
bounded (and metric), the space (X,d) is totally bounded. Let G be the ﬁlter generated by {(]0, [ × {1,2}) ∩ X:  > 0}.
Similarly let F be the ﬁlter generated by {(]−,0[ × {1,2}) ∩ X:  > 0}. Clearly 〈F ,G〉 is a Cauchy ﬁlter pair on (X,d).
Next we are going to prove that 〈F ,G〉 is balanced on (X,d). Since d  2, it suﬃces to consider the case that
inf>0 Φd((a, i), (]0, [ × {1,2}) ∩ X) < 2 and inf>0 Φd((]−,0[ × {1,2}) ∩ X, (b, j)) < 2 with a,b ∈ Z and i, j ∈ {1,2}.
Observe next that for (z1, i), (z2, j) ∈ X with z1, z2 ∈ Z and i, j ∈ {1,2} we have that d((z1, i)), (z2, j)) = 2 if i = j and
z1 · z2 > 0 (∗). Hence our assumptions imply that a < 0 < b and thus d((a, i), (b, j)) = b − a = inf>0 Φd((a, i), (]0, [ ×
{1,2}) ∩ X) + inf>0 Φd((]−,0[ × {1,2}) ∩ X, (b, j)). We conclude that 〈F ,G〉 is balanced on (X,d). We shall now show
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Ud-equivalent to 〈H,H〉 where H is a ds-Cauchy ﬁlter on X (compare with Proposition 8). Consequently 〈F ,H〉 and 〈H,G〉
are Cauchy ﬁlter pairs on (X,d). Note that a nonempty set H ⊆ X satisfying Φd(H, H) < 2 can only hit one class of the
partition P = {Z− × {1}, Z− × {2}, Z+ × {1}, Z+ × {2}} of X, since ds(x, y) = 2 whenever x and y are points of X belonging
to distinct classes of this partition, as it is straightforward to check. Since there is such an H that belongs to the ﬁlter H,
that ﬁlter H must contain exactly one member of the partition P . On the other hand, since 〈F ,H〉 is a Cauchy ﬁlter pair
on (X,d), by (∗) and the deﬁnition of F , H cannot contain Z− × {1} and similarly it cannot contain Z− × {2}. Analogously,
because 〈H,G〉 is a Cauchy ﬁlter pair on (X,d), both Z+ × {1} and Z+ × {2} cannot belong to H by (∗) and the deﬁnition
of G. Consequently H does not contain any set of the partition. Hence we have reached a contradiction and conclude that
〈F ,G〉 is not Ud-equivalent to any constant Cauchy ﬁlter pair on (X,d). Hence the B-completion of (X,d) is strictly larger
than the bicompletion of (X,d) although (X,d) is totally bounded.
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